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Abstract

With the great richness and diversity of knowledge
bases available today, a central difficulty is to com-
bine knowledge coming from several sources in order
to solve complex problems that could not be handled
in isolation. In this study, we focus on two impor-
tant characteristics about the knowledge merging prob-
lem: inconsistency and incompleteness. The purpose
of this work is to present a logical framework that en-
ables to formally specify knowledge merging systems
and which tolerates inconsistency and incompleteness.
This framework is based on a functional approach
which is used in this paper to guide our formal devel-
opment. The major features of this approach are dual
reasoning, which includes an uniform way to deal with
both aspects of partial and conflicting knowledge, and
incrementality, which enables to gradually build pools
of knowledge and to improve incomplete answers.

1 Introduction

During this past decade, the world of knowledge
based systems has spread considerably, providing a
great variety of information on different domains of
expertise. In presence of this increasing community of
distributed, autonomous, and heterogeneous sources
of knowledge, the problem of cooperation between such
systems is becoming more and more critical (see e.g.
[1, 3, 7, 14]). In particular, a central issue is to enable
several knowledge bases to work interactively, group-
ing their items of knowledge in order to solve complex
problems that could not be handled in isolation.

Several difficulties arise when we attempt to merge
different knowledge bases. First, we need to consider
the possible heterogeneity of representation languages.
Knowledge based systems are generally developed to
stand alone, and so they do not necessarily share the
same representation language. In order to allow coop-
eration, we must break away from this monolithic con-
ception of knowledge engineering (see e.g. [7]). Sec-
ond, a problem of consistency arises when a reasoning
system obtains its knowledge from a variety of sources.

Even if each source is consistent and trustworthy, the
global pool of knowledge may be contradictory. More-
over, none of these sources can be assumed to be infal-
lible, a universal truth-teller. Therefore, inconsistency
is sometimes unavoidable. Third and finally, combined
knowledge may be incomplete. Each local source has
to deal with a partial knowledge, and the whole in-
formation gathered from a set of sources is not nec-
essarily complete. This is augmented when network
partitioning occurs: some knowledge bases may be in-
accessible to others, and the problem of completeness
is exacerbated still further. To sum up, specifying a
knowledge merging system requires the consideration
of combining knowledge in an “open environment”,
and the possibility of deriving approximate answers
to the original query.

Our present work concerns the last two problems:
the purpose of this paper is to define a logical frame-
work which allows us to specify knowledge merging
systems, and which tolerates incompleteness and in-
consistency. In section 2, we begin to examine the
problem of combining knowledge and we present sev-
eral studies which have attempted to solve this prob-
lem. In section 3, we present a conceptual model for
knowledge merging systems. This model will be used
to guide the development of our logical framework.
We proceed to the formal treatment in the next sec-
tions. We present a representation language in section
4, and we develop a formal semantics of this language
in section 5. A brief discussion of possible extensions
of the framework in section 6 concludes the paper.

2 The Knowledge Merging Problem

In this work, the problem of combining knowledge is
analyzed at the knowledge level, which is precisely the
domain of logic [9]. From this viewpoint, we define
the characteristics of knowledge merging systems in
terms of requirements that the logical framework must
satisfy. We distinguish four requirements.

First and topmost, the logical framework must han-
dle inconsistency. We recall that classical logic col-



lapses in presence of inconsistency. Given a contradic-
tory pool of knowledge and a classical logic for deduc-
ing information from it, everything can be entailed. So
we need a formal tool that is able to handle conflicts
and which deduces non-degenerate conclusions.

Second, the logical framework must handle in-
completeness. Here also, representation formalisms
derived from classical logic are often based on the
“Closed World Assumption” which rejects incomplete-
ness. For example, in conventional logic programming,
every sentence that is not deduced from a knowledge
base is assumed to be false. However, an “open envi-
ronment” is characterized by the incompleteness of its
domain knowledge. Consequently, we need a formal
tool which is able to infer approximate conclusions.

Third, we would like a framework which enables
dual reasoning about combined knowledge. As sug-
gested by Pinkas and Loui [10], an agent may express
two dual attitudes relative to conflicting knowledge.
On the one hand, he may insist on a consensus or
“skeptical” attitude. When he is faced with contra-
dictory answers, he says that he has no information.
On the other hand, the agent may treat his neighbors
as trustfully sources, and so when faced with two con-
flicting answers, he expresses a speculative or “credu-
lous” attitude: he keeps both answers and records the
existence of an inconsistency. The key idea in dual rea-
soning is that both skeptical and credulous attitudes
can be used to answer a query.

Fourth and finally, the logical framework should be
incremental. That is, we should be able to identify a
new item of knowledge by the minimal change it would
induce if it were added to the pool of combined knowl-
edge. Moreover, only this minimal change should be
analyzed, not the global set of knowledge. In this way,
approximate answers may be improved.

Past research on knowledge merging has almost ex-
clusively focused on the problem of consistency. The
representation formalisms used to handle conflicting
knowledge can broadly be classified in two groups.
On the one hand, we have extensions to classical logic
which use “extra-logical” features in order to restore
consistency. The methods suggested in [1, 3, 14] are
based on a similar strategy. Essentially, this consists
of finding all maximal consistent subsets from a pool of
knowledge, and concluding only the sentences that are
in the intersection of all these subsets. This strategy
is also used in belief update [13], and belief revision
[5]. Paraconsistent logics, on the other hand, adopt a
radically different strategy. Such logics tolerate incon-
sistency: they do not collapse in presence of contra-
dictory knowledge. The most known representative of

this family is the Belnap’s four valued logic [2], which
has been exploited in different domains, such as knowl-
edge representation [8] and non-monotonic reasoning
[6]. In particular, this logic was used in [4] to combine
knowledge from distributed logic programs.

In the setting of combining knowledge, there are
several advantages to use Belnap’s four valued logic.
First at all, this logic is “robust”: it tolerates incon-
sistency. From an algorithmic perspective, this is a
crucial point since the problem of consistency check
is known to be either undecidable in the first order
case, or intractable in the propositional case. Con-
sequently, contradiction may be undetectable, and so
extra-logical features used in the first group may be
inefficient in presence of a large pool of knowledge.
Furthermore, this logic allows us to represent both in-
consistency and incompleteness. In a four valued set-
ting, a particular sentence can be valued to be true,
false, both or neither. At a result, a state of knowl-
edge may contain no information about some issues
and contradictory information about others.

We take the four valued logic as a starting point for
specifying the process of combining knowledge. Notice
however that this logic alone does not provide any
insight concerning the last two requirements (i.e. dual
reasoning and incrementality). We need to develop
a conceptual model that guides the formalization in
such a way that all desiderata will be fulfilled.

3 A conceptual model

A knowledge merging system is modelized as an
agent that interacts with its environment through
epistemic inputs in order to gather information from
its multi-source environment, and expresses epistemic
attitudes relative to queries issued by the user. The
agent is viewed as a dynamic system which consists
of two parts: a static part, represented by epistemic
states, and a dynamic part defined by state transform-
ers. The agent interacts with its environment through
epistemic inputs in order to gather information from
its multi-source environment, and expresses epistemic
attitudes relative to queries issued by the user. The
specificity of the knowledge merging problem is identi-
fied by the characteristics of each components, which
are detailed as follows.

An epistemic state represents the set of sentences
which are deductible given what the agent is told. In
our setting, we insist on two key points. First, an
epistemic state may carry an incomplete or contra-
dictory information. Second, for each epistemic state
corresponds a “dual epistemic state”. It represents the
set of sentences whose negation cannot be concluded
from the original epistemic state. We notice that if the



original state is complete and consistent then the dual
epistemic state produces the same set of sentences as
the original one. However, if the agent is told an in-
complete and/or contradictory information, we have
two distinct sets of sentences, and then two separate
epistemic states.

Epistemic attitudes are used to access knowledge.
An epistemic attitude corresponds to an interpretation
function of a certain sentence (i.e. the query) in a cer-
tain epistemic state. In a classical setting (complete
and consistent), an epistemic state and its dual cap-
ture the same information. Therefore, only one state
of knowledge has to be considered, and a sentence is
simply “accepted” or “refuted” in this state. However,
in a more general setting, we must take into account
a richer typology of epistemic attitudes. Namely, a
sentence may be (1) accepted: the agent has an ev-
idence for the sentence, (2) refuted: the agent has a
counter-evidence against the sentence, (3) acceptable:
the sentence is not refuted, and (4) refutable: the sen-
tence is not accepted.

The purpose of epistemic inputs is to modify what
is known. In this study, we concentrate on two kinds
of epistemic inputs that will be of use in the formal-
ization of knowledge merging problems. First, are
facts which are used to augment what is known. A
fact may be seen as an “extensional” information pro-
vided by some logical database (for instance, a set
of tuples in a relational database). Second are rules
which are intended to “conditionally” augment what
is known. For example, a rule may be a clause in a
logical database. It provides additional information
about the truth value of some sentence.

State transformers represent the “epistemic transi-
tions” an agent makes in its space of epistemic states
in order to acquire information conveyed by its epis-
temic inputs. In our functional viewpoint, the key
idea is to associate the meaning of a certain kind of
epistemic input with a certain function on epistemic
states. In this work, we are interested by an important
class of state transformers, called expansions which
have been notably studied in belief revision [5] and
dynamic semantics [12]. They represent some increase
of information, and they are used here to define the
formal semantics of facts and rules.

Based on this conceptual model, the goal of our
logical framework is thus (1) to provide a language
for describing epistemic inputs, (2) to represent in a
multi-valued setting epistemic states and epistemic at-
titudes, and (3) to define systematic connections be-
tween state transformers and epistemic inputs. We
now proceed to the formal treatment.

4 A Representation Language

We consider a first-order language Lw built up
from a workspace W = (C,R), where C is a finite
collection of constant symbols and R is a finite set
of relation symbols. Additionally, the language con-
tains a countable set of variable symbols. We use
a vector notation ¥ to stand for a list of variables
(z1,22,...,x). Similarly, d is used to stand of a list
of constants (di,ds,...,d;). Given the usual defini-
tions of terms and atoms, a ground atom is an atom
where all terms are constants. The set of all ground
atoms generated from W is denoted Gy . The for-
mulas of Ly are built up in the classical way from
the atoms, the connectives =, V, A and the quantifiers
V,3. An open formula is a formula which contains free
variables. We use the notation A(Z) to stand for an
open formula where Z is the list of free variables. A
sentence is a closed formula, that is a formula without
free variable.

Definition 4.1 The representation language Ry is the
smallest set for which the following conditions hold:

e if A is a sentence of Lw, then - A € Ry,
o if A(¥),B(%) € Lw, then A(Z) — B(¥) € Rw -

Intuitively, an expression — A denotes a fact. An
expression A(Zf) — B(%) denotes a rule where A(Z)
is the antecedent and B(Z) the consequent of the
rule. A knowledge source is a structure K = (F, R)
where F' is a finite set of facts and R is a finite set
of rules. A multi-source environment is a structure
E = (W,Ky,...,K,) where W is a workspace, and
Ky, ..., K, is a finite collection of knowledge sources.

5 The Formal Semantics

This section constitutes the core part of our log-
ical framework. In the first subsection, we turn to
the general notion of bilattice and we present the Bel-
nap’s bilattice, a mathematical structure used to de-
fine spaces of four valued states. In the second sub-
section, we define valuations in order to assign truth
values to statements. In the three last subsections we
respectively concentrate on the notions of epistemic
state, epistemic attitude and state transformer.

5.1 The Belnap’s bilattice

The idea to use bilattices in computer science is not
new (see for instance [4, 6]). We first examine general
characteristics about bilattices.

We define a bilattice as a structure (B, <¢, <;)
where B is a nonempty set and <;, <; are each partial
orderings giving B the structure of a lattice. Meet and
join under <; (respectively <;) are denoted A and V



(respectively M and U). We distinguish three impor-
tant properties about bilattices.

A bilattice (B, <, <;) is complete if its partial or-
derings give the structure of complete lattices. In a
complete bilattice, infinitary meet and join under <;
(respectively <;) are denoted A and \/ (respectively
[1and |]). A bilattice (B, <, <;) is distributive if
all distributive laws connecting A,V,M and U hold.
It is infinitary distributive is all finitary and infini-
tary distributive laws hold. A bilattice (B, <y, <;)
is complemented if the following conditions hold: (1)
(B, <¢,<;) is distributive, (2) it has an idempotent
negation operation — which reverses the ordering <;
and leaves unchanged the ordering <;, (3) it has an
idempotent dual operation — which reverses the or-
dering <; and leaves unchanged the ordering <;, and
(4) the negation and the dual operations commute:
for any x € B, - — ¢ = ——z. Finally, the bilattice
is infinitary complemented if it is both infinitary dis-
tributive and complemented.

We now turn to the smallest nontrivial bilattice,
called the Belnap’s bilattice, and defined as follows:

Definition 5.1 The Belnap’s bilattice is an infinitary
complemented bilattice (F,<¢, <;) where F is the pow-
erset P({false,true}). By convention, the elements
0, {false}, {true} and {false,true} are respectively
denoted L, 0, 1 and T.

Intuitively, the partial ordering <; may be regarded
as an “approximation of truth”. Meet and join under
this ordering directly provide a four valued interpre-
tation for conjunction and disjunction. The partial
ordering <; expresses an “approximation of informa-
tion”. For two elements x and y of the Belnap’s bi-
lattice, the relationship x <; y may be interpreted to
mean that y is at least as informative, or carries at
least as knowledge, as z.

5.2 Valuations

Taking the Belnap’s bilattice as the basic construct,

we may define valuations in a simple and intuitive way.

Definition 5.2 A valuation in F is a function from the
set of ground atoms Gw to F. The space of valuations
is the set V = [Gw — F|. It is given two pointwise or-
derings < and <; respectively defined by the following
conditions:

iff  for any A € Gw, v(A) <t v'(4),
iff  for any A € Gw, v(A4) <; v'(A).

v <0
v<; v
We remark that a valuation may also be represented

by a pair of sets v = (v*,v™), where v* is the collec-
tion of ground atoms which are at least true in v, while

v~ is the set of ground atoms which are at least false in
v. It should also be noticed that, in practice, most of
ground atoms are valued to L. In the following defini-
tion, valuations are extended in order to assign truth
values to arbitrary statements of the representation
language.

Definition 5.3 Given a valuation v, an extended val-
uation is a function, also denoted v, from the state-
ments of Ly to F, inductively defined by the following
conditions:

v(~4) = —w(d),
v(AVB) = wv(A)Vou(B),
v(AAB) = wv(A)Av(B),
v(E2)A@) = \{v(4():ceC},
v((Vo)A(x)) = /\{’U(A(C)) rceCh

5.3 Epistemic states

In our study, an epistemic state explicitly represents
what an agent is told. We consider two key points
about epistemic states. First, given the expressivity
of our language, every state of knowledge cannot be
represented by a single valuation. As suggested for
instance in [8], we need to define epistemic states as
sets of valuations. Second, dual epistemic states must
be represented. From this viewpoint, if we examine a
valuation v as a pair of sets (v,v7), then it is easy
to see that the dual of v is the pair of sets (Gw —
v~,Gw — vT). Notice in particular that the left part
of this pair corresponds to the grounds atoms which
are not (at least) false under v. Since dual epistemic
states are intended to represent the statements which
are not refuted given what the agent is told, they may
be characterized as sets of dual valuations.

Definition 5.4 An epistemic state o is a nonempty
subset of valuations, i.e. o € P(V)*. Given an epis-
temic state o, the dual of o is also an epistemic state,
denoted o~ , and defined as follows:

o ={-v:veo}

5.4 Epistemic attitudes

As mentioned in section 3, epistemic attitudes must
specify accurately how we want a query answered by
defining the interpretation of a statement in an epis-
temic state. Starting from the preceding definition, an
epistemic state may be seen as the set of all statements
which are (at least) true in each valuation. Therefore,
an attitude expressed in a certain epistemic state rela-
tive to a certain statement can be determined by tak-
ing the meet under the information ordering <; of all



its truth values captured in each valuation. In a sym-
metrical way, a dual epistemic state may be viewed as
the set of all statements which are not (at least) false
in each valuation. The notion of “dual attitude” may
thus be defined by taking the join under the ordering
<; of all its truth values.

Definition 5.5 An epistemic attitude A, and a dual
attitude A~ are functions from statements of Ly and
epistemic states of P(V)* to truth values of F, respec-
tively defined by the following conditions:

AA4,0) = [
A (Ao) = | [i-o@

Since the space of valuations is an infinitary com-
plemented bilattice, it is easy to check that A(A4,0) =
—A7(A,0) for any statement A and any epistemic
state 0. Now we turn to the typology of attitudes
mentioned in section 3. We suppose that an agent
in a given epistemic state ¢ is asked the query repre-
sented by the statement A. Therefore, the four kinds
of attitudes may be specified as follows.

tvE o},

tveot

Ais accepted in o iff  A(A4,0) >; 1
Ais refuted in o it  A7(A,0) S
Ais acceptable in o iff AT(A,0) >; 1

Ais refutable in o iff  A(A,0) <; 0

5.5 State Transformers

We now turn to the central question of our func-
tional approach: how is the agent to interpret a new
epistemic input ? The goal is to provide systematic
connections between epistemic inputs and state trans-
formers. In the setting suggested by our approach, we
consider two important points concerning state trans-
formers. First, since the notion of epistemic state is
defined in terms of sets of valuations, “state transform-
ers” can be characterized in terms of relations on val-
uations, or sets of (binary) transitions. Second, since
we allow dual reasoning in our framework, we need to
represent changes of dual epistemic states. In this pur-
pose, we present “dual state transformers” character-
ized by sets of dual transitions. These considerations
motivate the following definition:

Definition 5.6 A transition is a pair (v,v') where
v,v" € V. A state transformer w is a binary relation
onV, ie. ™€ PV xV). Given a state transformer
w, the dual of 7 is also a state transformer, denoted

7, and defined as follows:

7~ ={(~v,—v") : (v,0") € w}.

It should be noticed here that there is no conflict
between relational and functional structures. Every
binary relation 7 on V induces a function on P(V) by
setting m(o) = {v’ : Fv € V such that (v,0v') € 7}.
Hence, the epistemic state resulting from 7 and o is
defined by 7 (o), and its dual state is given by 7~ (7).

A fact is characterized by the expansion it induces
on epistemic states. As mentioned in section 3, this
transformation should be as minimal as possible in
order to respect the criterion of informational econ-
omy. The key idea in defining such state transformers
comes from the structure of infinitary complemented
bilattice.

Definition 5.7 A fact interpretation [ ]y maps any
fact of Rw to a state transformer of P(V x V) such
that the following condition holds:

Definition 5.8 Let e = (W, K,...,K,) be a multi-
source environment where each knowledge base con-
tains only facts, i.e. K; = (F;,0) fori € {1,n}. The
state transformer generated from the environment is
denoted m¢ . and defined by the following condition:

[— Al = {(v,vUw) :

n

mre = (N A= ALy > A € F}),

i=1

The epistemic state generated from the environment
is denoted o¢ . and defined as follows:

Ofe =Tfe(0L).

Finally, we extend our study to the case where we
have rules in knowledge bases. Despite their similar-
ities, rules differ from facts in two points. First, in a
four valued setting, a rule A — B cannot be identified
by the fact -A vV B. This aspect is notably studied
in [11], and the authors have shown in particular that
a material implication of the form —A V B has coun-
terintuitive properties in open environments. In our
functional point of view, we characterize a rule by a
conditional expansion: if the antecedent of the rule is
accepted in a certain epistemic state then the state
must be expanded to accept the consequent. Second,
we must take into account the free variables of the rule.
Intuitively, for each rule instantiation corresponds a
particular conditional expansion. The interpretation
of the complete rule is thus determined by taking the
join (under the lattice P(V x V)) of every possible
conditional expansions.



Definition 5.9 A rule interpretation [ ], maps any
rule of Rw to a state transformer of P(V x V) such
that the following condition holds:

[A(Z) = B(D)], =

U {(v,v U w) : v(A( 1)) > 1 and w(B(d)) >; 1}

deDk
Definition 5.10 Let e = (W, Ky, ... ,K,) be a multi-
source environment where each knowledge base may
contain facts and rules, that is, K; = (F;,R;) for

i € {1,n}. The state transformer generated from the
environment is denoted m, . and defined as follows:

n

me=0( N

i=1  A(Z)—B(Z)eR;

[4@) - B@].).

Theorem 5.1 The state transformer m,.. N 7r. has a
least fizpoint and a greatest fizpoint by under the C
ordering.

6 Conclusion

In this paper, we have studied the knowledge merg-
ing problem by focusing on the characteristics of in-
completeness and inconsistency. This problem was
considered in terms of requirements that our logical
framework should meet. In particular, we have in-
troduced the concept of dual reasoning which is both
able to deal with incompleteness and inconsistency.
Furthermore, we have insisted on the criterion of in-
crementality which enables to build pools of combined
knowledge and to improve approximate answers.

From our approach, knowledge merging systems
were defined in terms of epistemic states and state
transformers. Our first concern was to formally spec-
ify such systems as a function of the range of questions
they can answer (i.e. the epistemic attitudes) and as-
sertions they can accept (i.e. the epistemic inputs).
We have then developed a logical framework based on
this functional approach. Dual and incremental rea-
soning mechanisms have been integrated in order to
investigate both incompleteness and inconsistency.

Much work remains to be done before we have a
complete understanding of knowledge merging prob-
lems. First at all, our typology of epistemic inputs
should be extended in order to represent integrity con-
straints which are used in a wide variety of knowledge
based systems. Furthermore, we have not tackled the
question of an adequate proof theory. In particular, we
need to develop such a calculus and prove its sound-
ness and completeness. These two points constitute
the main aspect of our future work.
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